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How can we construct a probability space and define a set of n random events with prescribed
i/d-structure ¢

Definition 1 (i/d-structure). Take {Aq,..., A, } a set of n random events. Make the configuration
of all combinations of events from level n =2 to n. k=1 is trivial. 2 < k < n gives (n — 1) level,
where each level k contains all (Z) combinations of size k. For any, check the product property,
write 1 if satisfied, 0 if not. Count the number of satisfied product property at each level k. Denote
by i the number of true product relations at level k. Count the number of unsatisfied product

property at each level k. Denote by di = (Z) — ik the number of true product relations at level

k. (i2,43,...,4,) is the i/d-structure.

Illustration
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There are two boundary cases :

1. If all the 2" — n — 1 product properties are satisfied, it means that we have mutually in-
dependence of random events.

Illustration
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2. If all the 2™ —n — 1 product properties are not satisfied, it means that we have totally depen-
dence of random events.

Illustration
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Does it exist a probability space and a set {A1,...,An} of n random events in this space such
that the i/d-structure of {Ax, ..., An} is exactly (ig,...,i,) ¢ Yes!

Main problem: |Stoyanov| (2013)

Suppose that we are given a natural number n > 2 and (n—1)-tuple (i, ..., i,,) where 0 < g, < Z) .
Does it exist a probability space and a set X’ of n binary random variables in this space such that
the i/d-structure of X is exactly (i, ...,i,) ?

Solution
Let Z={1,2,...,n} and Muyax =M : M CZ,2 < |M| < n, IMpax| = 2" —n — 1. The following
stronger theorem stipulates

Theorem 1. Let M be an arbitrary subset of M. with | M| > 2, then there is a probability
space (2, F, P) and a set of n random events, say A, = {4, ..., A, } in this space such that, for
k=2,..,nand 1< j; <..<jr <n, the product relation P(A;,...A;,) = P(A;,)..P(4;,) is
satisfied if and only if (ji, ..., jr) € M.

Example 1. Take n = 3, A = {4, A, A3}, a prescribed i/d-structure (i2,i3), 0 < ip < <g),

0<is< (2) 0] =23 =8, 7 = {1,2,3).
We construct smaller events wy, let Q = {wg,wr,ws, ws, w12, w13, was, wizs}. Denote P(w,) = II,,
let P = {Ilg, I1;, IIy, 113, 19, I1; 3, Ia3, T3 }, let Ay = {wi,wiz, w13, w23}, Ao = {wi,wi2,was, w23}
and A3 = {W3,W13,w23,W123} 1mphes

P(Ay) =11 4+ i + 1113 4 193,

P(Az) = Il + i + Tla3 + 123,

P(A3z) = 1II3 + 1113 + Iz + 123

Assume that P(A;) = %, the i/d-structure ia = 1, i3 = 1 and more precisely M = {13,123}. Let

M = MU{@,1,2,3} six elements in M’ giving six equations (8 unknowns)
Hg + Iy + o + I + Tz + I + o + Mgy = 2° = 1

Iy + Mg + Mg + Iy = 271

I + Myp + Moy + Mgy = 277

5 + g3 + Iog + Moy = 271

Ily5 + Mya3 = 272

Mg =277

with solutions

1 3 1 1 1
| P— I, = = — I, == —a— I = = — Il = M2 = —. Iloq = 1I .
g =a+3, I 1 a, 1l 3 a—f3, I3 4 B, Iip = a, I3 ]’ 23 = 3, Il123 3

1 1
Ifa=p= 3’ A become mutually independent, Iy = 3 for every H C Z and the inequations
1 1 1
P(A1Ay) # 272, P(AyA3) # 272 implies o # 3 B # 3’ giving H = {(a, 8) : 0 < a < T 0<p<
1 3
7 O<a+p< §}
General case
Q:{WHZHCI,‘Q| = 2", P:{HHIHH:P(UJH)7 HCI}}
1
Aj ={wg:i€ H, HCI}, assume P(A4;) = 3 for each j prescribed M C M .x.
Let M’ = MU{2,1,2,..,n}. For each
MeM, P(Njemd;) = Y Ty =27M (1)
MCH

gives 2™ unknowns, say |M!’| equations.
Let the solution form a hyperplane & in the space R?", and it is easy to find that the point
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When M = My, 1T is the solution we find and in this case A is mutually independent.
2. M G Muax, IM'| <27, 11 is not the solution we find but we may have many solutions in its
e-neighborhood in the hyperplane £.

= {Ily
1.

Proof. a. dim ¢ = 2™ — |M’|. Note equation implies QII = B. In this formula, @ is the
Iy 20
-1
IMCH T 2

coefficient matrix (Qas, i), size |[M'|x 2™ where Qg = i (=] . |,8=
0 otherwise

According to the knowledge in advanced algebra we know dim £ = 2" — rank(Q). Now prove that
rank(Q) = |[M/|.

If there is a vanishing linear combination of the rows defined with some weights, say ~yjs for
M € M, then for every H C Z, we have

Z Y™ QumE = Z v =0

MeM’ MeH

There exists a minimal set M* € M’ and for all M € M*, M € M’ implies M = M*. Let
H = M*, vp« = 0. Deleting M* from M’ and repeating leads to vy = 0 for all M € M’. So
dim £ = 2" —rank(Q) = 2™ — | M*|.

b. The dimension of the sub-hyperplane £’ we need to leave out of { is sextdim —1, 3, -y g #
2-IM'l for all ' ¢ M’ there are 2" — |M’| inequations. Let s = 2" — [M'|, Mumax \ M’ =

{Ml, Mo, ..., MS}.
(1) @
>omcn = 2~ M|

Its solution space is noted as &;.

Obviously, there are | M’|+1 equations in (2), so according to a., dim(&;) = 2" —|M’'|—1 = dim £—1.
We make & = N:_,&; for each dim(§;) < dim &. When we leave & out of £ there are still lots of
points left and they are actually the solutions we want. O

Example 2. Bernstein example
Suppose that we have four tickets : ’ 112 \ ’ 121 \ ’ 211 \ ’ 222 \
We choose randomly one ticket and consider the events

Ay = {1 occurs in the 1st place}

As = {1 occurs in the 2nd place}

As = {1 occurs in the 3rd place}

P(A1) = P(4) = P(45) = 5

Illustration 1
k=3 P(A1A2A3) =0 # 3= P(A1)P(A2)P(A3) 1

k=2 A |A] [A]4s] [A2]As]  P(A14y) = P(A14;5) = P(AxA3) = i
At level k = 2, all the 3 product properties are satisfied, io = 3, do = 0. At level k = 3, there are
no product properties satisfied, i3 = 0, d3 = 1. The i/d-structure of the collection {A;, Ay, A3} is
(3,0) and we also get that pair-wise independence does not imply mutual independence.

Example 3. Take 4 random events {A;, A3, A3, A4}. We suppose that :

e the product property is satisfied at level k = 4, which means that

P(A1 A3 A3 Ay) = P(A1)P(A3)P(A3)P(Ay)

. . 4 .
e the product property is satisfied for any ( ) pairs of events

2

4 .
> triplets of events

e the product property is not satisfied for any of the (3



We have this configuration

k=4 [A A |44 a=1
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k=2 (A4 [A]4s] [A]4s] [Aa]Ad] [As]Ad] =6

Such a set of events is dependent and the i/d-structure of the collection {A;, A, A, A4} is given
as (6,0,1).
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